Ab initio no-core shell model study of $^{18-23}$O and $^{18-24}$F
  isotopes by Saxena, Archana & Srivastava, Praveen C.
ar
X
iv
:1
81
2.
08
74
4v
3 
 [n
uc
l-t
h]
  4
 Se
p 2
01
9
Ab initio no-core shell model study of 18−23O and 18−24F isotopes
Archana Saxena and Praveen C. Srivastava∗
Department of Physics, Indian Institute of Technology Roorkee, Roorkee 247 667, India
(Dated: September 5, 2019)
Abstract
In the present paper, we have done the systematic study of low-lying energy spectrum (positive
parity) for oxygen (18−23O) and fluorine (18−24F) chain using ab initio no core shell model. We have
used inside nonlocal outside Yukawa (INOY) potential, which is a two body interaction but also
have the effect of three body forces by short range and nonlocal character. Also we have performed
calculations with N3LO, and N2LOopt interactions and corresponding results are compared with
the experimental data and phenomenological interaction USDB. The largest model space we have
reached for 18−21O and 18−19F is Nmax=6 and for other oxygen and fluorine isotopes is Nmax=4.
We have also discussed the binding energy for O and F chain. The over binding in ground state
(g.s.) energy in neutron rich oxygen isotopes is observed in our largest model space calculations.
PACS numbers: 21.60.Cs, 21.30.Fe, 21.10.Dr, 27.20.+n, 27.30.+t
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I. INTRODUCTION
Recent developments in computing power made possible to study the nuclei beyond p shell
from no core shell model (NCSM) approach [1–6]. The NCSM is a basic tool for explaining
the nuclear structure and nuclear bound state problems, which uses nuclear interactions
from the first principle. Now, the calculations are also available with the continuum effect
in NCSM for explaining unbound states, scattering and nuclear reactions. Recently, NCSM
calculations with continuum effect for 11Be have been performed, the parity inversion prob-
lem is solved for 11Be using NCSMC approach [7–9] with chiral interaction N2LOSAT only
[10]. Ab initio approaches give us opportunity to calculate more precisely the electromag-
netic properties of exotic nuclei [11]. The NCSM calculations have various applications in
nuclear structure as well as in nuclear reaction physics. New physics is coming out, e.g.
N=8 magic number is no more magic number when we increase neutron and proton ratio.
There is another method which is named as no core shell model with core constructed for the
heavier nuclei [1, 12–15]. To understand the details of fully open shell medium mass nuclei
from first principle is still a challenge. Research for open shell nuclei is still going on using
many ab initio approaches [16, 17]. The study of neutron rich nuclei from first principles is a
interesting topic now a days. The exact location of drip line in neutron rich oxygen isotopes
can be explained using ab initio approaches using NN+3N(full) chiral interactions where
role of 3N forces is very important [18]. Still it is very challenging to perform no core shell
model calculations for O and F chain. The no core shell model with perturbation approach
(NCSM-PT) results for low-lying states in 18−20O isotopes are reported in Ref. [17].
In the present work our aim is to study systematically the low-lying energy spectrum
(positive parity) for oxygen (18−23O) and fluorine (19−24F) chain using ab initio no core
shell model. We have used inside nonlocal outside Yukawa (INOY) potential for NCSM
calculations.
The paper is organized as follows: In Secs. II and III, the NCSM and its formalism is
given, the effective interaction used in calculations in Sec. IV, results and discussions part
in Sec. V, a small discussion about neutron drip line in oxygen isotopes in Sec. VI, and in
the end we conclude the paper in Sec. VII.
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II. AB INITIO NO CORE SHELL MODEL
Ab initio no core shell model [2, 3] is a many body approach which is used to solve fully A-
body Hamiltonian. There is no core is assumed in this model, all the nucleons are treated
as active non relativistic point like particles interacted by realistic NN or NN + NNN
interactions which fit Nijmegan NN phase shifts up to a fix energy 350 MeV with a very
high precision, whereas in the naive shell model we assume a core, so, the core particles are
inactive in the calculations, because of this we miss the effect of core particles. For NCSM,
we choose HO (harmonic oscillator) basis for the calculations because in this we can use
second quantization formalism and our system remain transnationally invariant. The NN
potentials which generate short range correlations can not be accommodated in HO basis
for e.g. Argonne V18(AV18) [19], CD-Bonn 2000 [20] and INOY [21, 22] potentials. Chiral
potentials [23] also produces short range correlations up to some extent. To accommodate
these correlations and speeding up the convergence with the expansion of basis, we need
an effective interaction from starting realistic NN and NN +NNN interactions. Effective
interactions can be generated by using unitary transformation. Many soft potentials (which
do not generate short range correlations) are also available now a days for e.g. Vlowk [24],
SRG NN [25] etc. In the present work we have also compared our no core shell model
results with phenomenological USDB effective interaction [26].
III. FORMALISM
We have to solve A-body Schro¨dinger equation. The starting Hamiltonian is given as-
HA = Trel + V =
1
A
A∑
i<j
(~pi − ~pj)
2
2m
+
A∑
i<j
VNN,ij (1)
where m is the nucleon mass, VNN,ij is the NN interaction having nuclear and Coulomb part
both. We add the center-of-mass (c.m.) HO Hamiltonian Hc.m. = Tc.m. + Uc.m. to starting
Eq. 1, where Uc.m. =
1
2
AmΩ2 ~R2, ~R =
∑A
i<j ~r/A.
3
HΩA = HA +Hc.m. =
A∑
i=1
hi +
A∑
i<j
Vij
Ω,A
=
A∑
i=1
[
~p2i
2m
+
1
2
mΩ2~r2i
]
+
A∑
i<j
[
VNN,ij −
1
2A
mΩ2(~ri − ~rj)
2
]
. (2)
The new Hamiltonian breaks into two parts, one body and two body parts. Now, we
divide our basis space into two parts, one in which we do the calculations, called P model
space, which is finite and second one is Q(= 1 − P ) model space, which is excluded space.
We need effective interactions to employ in our model space because of short range repulsive
nature of realistic NN interactions. For this purpose, we perform a unitary transformation.
We apply unitary transformation to Eq. 2 such that the model space P and Q decoupled
to each other [27, 28]. After applying unitary transformation we get Hermitian effective
interaction Heff = Pe
−SHΩAe
SP . Heff is an A-body operator. In our approximation the
Hamiltonian is at two-body cluster level, for details, see Ref. [1, 11]. We have following
variational parameters in the final Hamiltonian; first one is the harmonic oscillator frequency
~Ω, the second one nucleon number A and third one is the size of the model space Nmax,
where Nmax is the parameter that measures the maximal allowed HO excitation energy
above the unperturbed ground state. When Nmax → ∞ , V
Ω,A
ij,eff → Vij
Ω,A. So, as we
increase model space, the dependency on Ω decreases and we get the converge result. In
NCSM, effective interactions are transnationally invariant. Because of this we can decouple
the c.m. components from all observables. Our effective Hamiltonian is in A-body space.
To construct this, we subtract the c.m. Hamiltonian and add the Lawson projection term
β(Hc.m. −
3
2
~Ω) to shift spurious states which comes because of c.m. excitations. Now the
effective Hamiltonian is given as:
HΩA,eff = P
{
A∑
i=1
[
(~pi − ~pj)
2
2mA
+
mΩ2
2A
(~ri − ~rj)
2 + V Ω,Aij,eff
]
+β
(
Hc.m. −
3
2
~Ω
)}
P. (3)
4
Computationally, the eigenvalues of the many body Hamiltonian is not easy task be-
cause it involves a very huge matrix to diagonalize. In the present paper we have used the
pANTOINE [29–31] shell model code which is adapted to NCSM [32].
IV. INOY EFFECTIVE NN INTERACTION
In NCSM, as we increase model space size, solving many body problem become com-
putationally hard. We want to do calculations with NN intercations in maximum model
space size but do not want to loose the effects of three body forces. Previously, the INOY
interaction is used in NCSM calculations to find the binding energies, excited states of both
parities, electromagnetic moments, and point-nucleon radii in Be isotopes [11].
There are two reasons behind choosing INOY potential, first one is that it contains three
body effect through nonlocality in some partial waves so we get the effect of three body
forces also without adding three body forces explicitly and the second reason is that we
get fast convergence for INOY interaction for a given Nmax ~Ω in comparison to any other
interaction. The nonlocality and three body forces are deeply related to each other [33].
The INOY potential is a nonlocal potential in coordinate space. Actually it is a mixture of
local and nonlocal parts, local Yukawa tail at longer ranges (> 3 fm) and nonlocal at short
range. As we know that nucleons have a internal structure, because of this a nonlocality
character comes at short range (up to 1-1.5 fm). The INOY NN interaction ( set of 1S0 and
3SD1 NN interactions ) is in coordinate space and it was constructed to see the effect on
triton binding energy. When we use the coordinate space, it is easy to handle the ranges of
local and nonlocal parts explicitly. In coordinate space, because of the basic property (short
range nature) of NN interaction, it should vary as an exponential function at long ranges.
The form of INOY NN interaction is given in Refs. [21, 22].
Apart from INOY NN interaction, we have also used next-to-next-to-next leading order
(N3LO) interaction which is derived from chiral effective field theory. The NCSM calcula-
tions are done with this interacions at ~Ω=14 MeV. Previously, the NCSM calcualtions are
done using N3LO NN interaction for 18F up to Nmax=4 [1]. In the present calculations we
have reached up to Nmax=6 in case of
18F. The calculations with next-to-next leading order
(N2LOopt) interaction at ~Ω=20 MeV have been also included,which is a bare interaction.
In the bare interaction, OLS transformation is not used. In the present calculations, we also
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FIG. 1: The variation of g.s. energy with frequencies at different model spaces for 18−19O isotopes,
similarly for other O isotopes.
see the difference between the results using bare and all other interactions (N3LO, INOY
and USDB).
V. RESULTS AND DISCUSSIONS
We have performed the NCSM calculations for oxygen (18−23O) and fluorine chain
(18−24F). As we know NCSM calculations are variational, depend on ~Ω, and size of model
space Nmax. To see the dependence, first we do the calculations with different frequencies
for a given Nmax. We are interested to see that region in which the dependence of g.s.
energy on frequency is minimum (for largest model space). We select that frequency for
NCSM calculations. This procedure is called optimization of frequency. When we use this
frequency, we get faster convergence rather than other values of frequencies. This is the
benefit for doing optimization of frequency. We will see when we go for higher model space,
the dependence on frequency decreases.
In Fig. 1 and 4, we have shown the variation of g.s. energies with the harmonic oscil-
lator frequencies and different model space sizes. We can see the g.s. energy becomes less
dependent when we move to higher Nmax. We are getting a minima at ~Ω=20 MeV. As we
will go higher model space, we expect that this minima will shift at ~Ω=18 MeV. We pick
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FIG. 2: The energy spectra of 18−20O isotope with INOY and USDB interaction.
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FIG. 3: The energy spectra of 21−23O isotope with INOY and USDB interaction.
up the frequency 18 and 20 MeV for the calculating another properties like energy spectra,
and occupancy. We have shown the energy spectra using different interactions for oxygen
and fluorine chain in Figs. 2-3 and Figs. 5-8, respectively. We have also compared our
NCSM results with phenomenological interaction USDB. Here, we will discuss the results
corresponding to largest Nmax.
In the case of 18O, we can see as we move towards the higher Nmax from 0 to 6, the
calculated results also improve in comparison to lower Nmax (however, 0
+
2 is at higher energy
for Nmax=6 in comparison with the lower Nmax). The gap between 0
+
1 and 2
+
1 increases
smoothly as we move to higher Nmax. The results with ~Ω=18 MeV are better than with
~Ω=20 MeV. At ~Ω=18 MeV, the 2+1 and 4
+
1 states follow the same order but the 0
+
2 and
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FIG. 4: The variation of g. s. energy with frequencies at different model spaces for 18−19F isotopes,
similarly for other F isotopes.
2+2 sates are in reverse order in comparison to the experimental data. This reverse order is
also seen with USDB. In the case of 19O, we are not getting the correct g.s. 5/2+ with both
the frequencies. The 5/2+ state is at higher energy. The calculated 9/2+ state is near to the
experimental 9/2+ state. The 1/2+ state is going far for Nmax=6 in comparison with the
lower Nmax values. In case of
20O, low lying spectra is in correct order below energy ∼3.5
MeV for Nmax=6. The 4
+
1 state is lower in energy in compared to experimental data. For
21O, NCSM predicts g.s. 5/2+ (although it is tentative experimentally). For 22O, we get
slightly better results rather than previous oxygen isotopes. Here, the calculated states are
in the same order as in the experimental data using NCSM calculations. The states 0+2 and
3+1 are in reverse order with USDB interaction. For
23O, we get correct g.s. with the NCSM.
The theoretical 5/2+ state is reaching close to the experimental 5/2+ state with increasing
model space size.
In the case of fluorine isotopes (18−24F), we show the NCSM results using three interac-
tions N3LO, INOY and N2LOopt at ~Ω= 14 MeV, 18 MeV and 20 MeV, respectively.
For 18F (see Fig. 5), we can see that the NCSM calculations using N3LO interaction are
better than INOY and N2LOopt interaction. The N3LO interaction predicts correct g.s. 1+
while INOY interaction and N2LOopt fails to predict correct g.s. The order of low lying
states up to 5+1 is correct using N
3LO interaction while other three interactions are not able
to reproduce.
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FIG. 5: The energy spectra of 18−20F isotopes with N3LO, USDB, INOY and N2LOopt.
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FIG. 6: The energy spectra of 21−23F isotopes with N3LO, USDB, INOY and N2LOopt.
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FIG. 7: The energy spectra of 24F isotope with N3LO, USDB, INOY and N2LOopt.
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FIG. 8: The energy spectra of 18F with N2LOopt.
In case of 19F, the 5/2+1 state is close to the experimental data for INOY interaction and
the order of 3/2+1 and 9/2
+
1 is reverse while for the N
3LO interaction the 5/2+1 state is at
high in energy in comparison to the experimental data and it predicts the correct order of
3/2+1 and 9/2
+
1 states. N2LOopt interaction fails to reproduce the correct g.s. 1/2
+. For
20F, all the three interactions reproduces the correct g.s. 2+. The NCSM results using INOY
interaction are better in comparison to N3LO and N2LOopt. In the case of 21F and 22F the
N2LOopt interaction reproduces the correct g.s 5/2+ and 4+, respectively. In the case of
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FIG. 9: Systematics of occupation numbers for even O and F isotopes.
23F, all the interactions give correct g.s. 5/2+ except N3LO. In the case of 24F, the 3+ and
1+ states are very close using INOY interaction. With the N3LO interaction the 2+1 state
is near to the experimental data. The 1+1 state is in low in energy with N
3LO interaction
while with INOY interaction it becomes the g.s. The N2LOopt interacion gives 1+1 state at
very high energy. In the case of all fluorine isotopes we see the energy levels are more spread
using INOY interaction in comparison with N3LO interaction. This is because of the strong
l.s coupling in INOY interaction.
For better description we need to go to higher model space size. Fig. 9 shows the
occupancies for the ground state and first excited state in even oxygen and fluorine chain,
respectively. We have shown the occupation numbers up to fp shell. Above the fp shell the
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FIG. 10: Ground state energies of O and F isotopes at ~Ω = 18 MeV. For 18−21O and 18F the g.s.
energy is for Nmax = 6 and rest isotopes for Nmax = 4.
occupation numbers are very small and very hard to visualize (in the present figure). So,
we have not shown the orbitals beyond fp shell.
VI. LOCATION OF DRIP LINE IN OXYGEN ISOTOPES
As we know from the previous work in oxygen chain, the 3NF are needed to reproduce
the drip line at 24O [18, 34, 35]. The calculations are done using chiral NN , NN +NNN -
induced and NN + NNN -full interactions. The anomalous behaviour in oxygen isotopes
can be explained after adding 3NF only. The NN interaction shows the drip line at 28O
14
[17, 18, 36]. In the present work we have applied INOY NN interaction which have effect of
three body forces in terms of short range and nonlocality character present in it and it also
reproduces the correct binding energy of triton. In the left panel of Fig. 10, we have shown
the g.s. energies for oxygen isotopes using INOY at ~Ω=18 MeV. We see the g.s. energy
decreases as we reaches to 24O but we see a kink after this. This shows the drip line in oxygen
isotopes at 24O. The g.s. energy for fluorine isotopes is shown in the right panel of Fig. 10.
Using INOY interaction the g.s energies are quite good up to 21F. We have extrapolated
the g.s. energy using a exponential fitting function Eg.s.(Nmax) = aexp(−bNmax) +Eg.s.(∞)
with Eg.s.(∞) the value at Nmax → ∞.
VII. CONCLUSIONS
In the present work first time we have reported no core shell model results of oxygen and
fluorine chain using INOY NN interaction. We see how ab initio results improve with the
increasing model space size. The INOY NN interaction is very important in the calculation
because it gives the effect of three body forces without adding three body forces explicitly.
NCSM calculations with INOY interaction also shows the correct drip line at 24O. We have
calculated energy spectra for positive parity states and neutron and proton occupancies for
the maximum reached Nmax in our calculations.
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